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^ Abstract 

g To any spectral curve S, we associate a topological class A(iS) in a moduli space A^g^„ 

I— I of "b-colored" stable Riemann surfaces of given topology (genus g, n boundaries), 

7—i whose integral coincides with the topological recursion invariants Wg^niS) of the 

spectral curve S. This formula can be viewed as a generalization of the ELSV 
^ formula (whose spectral curve is the Lambert function and the associated class is the 

CN Hodge class), or Marino- Vafa formula (whose spectral curve is the mirror curve of the 

framed vertex, and the associated class is the product of 3 Hodge classes), but for an 
^ arbitrary spectral curve. In other words, to a B-model (i.e. a spectral curve) we 

^ systematically associate a mirror A-model (integral in a moduli space of "colored" 

Riemann surfaces). We find that the mirror map, i.e. the relationship between the 
^ A-model moduli and B-model moduli, is realized by the Laplace transform. 



1 Introduction 

In the past few years, many developments have unearthed a deep and fascinating rela- 
tionship between integrable systems, algebraic geometry, combinatorics, enumerative 
geometry and random matrices, and much is yet to be understood. 

^ E-mail: bertrand.eynard@cea.fr 
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In particular, an integrable system can be encoded by its "spectral curve" (i.e. the 
locus of eigenvalues of a Lax operator), which is a plane analytical curve embedded in 
C X C, for example given by its equation, like y = sin (a/x), or e^ = ye~y . 

In p!2] (led by recent developments in random matrix theory), it was proposed to 
define a sequence of "invariants" Wn \ g = 0, 1, 2, ... , n = 0, 1, 2, . . . associated to 
a spectral curve. For many specific examples of spectral curves, those invariants had 
an enumerative geometry interpretation, as "counting" surfaces in a moduli space of 
Riemann surfaces. 

For example: 

- for the spectral curve y = 0^, the Wi^^'s are the generating functions of Witten- 
Kontsevich intersection numbers on the moduli space A^g,n of Riemann surfaces of 
genus g with n marked points [IB] ■ Writing Zi = Jlii we have 



q!iH hrfn=3g-3+n \i=l / A^g_„ i=l * 



- for the spectral curve y = ^ sin (27rA/x), the W^i^^'s are the Laplace transforms 
of Weil-Petersson volumes of the moduli spaces M.g^n (see [2H [13] )• Writing Zi = y/xl 
we have 



" POO 

n / L,dU e-^^^' Vol(A^,,„(Li, . . . , L,)) 
i=i -^0 

do+di+-+c(n=3(;-3+n " \ i=l I Mg,n «=1 * 

dl,...,dn \ i = l / Mg,n * = 1 * 

- for the spectral curve e'' = ye^^^, it was proposed by Bouchard and Marino [5] 
that the Wi'^^'s are the generating functions of simple Hurwitz numbers "H^,^, which 
was then proved in [31 E]. And simple Hurwitz numbers can themselves be translated 
into integrals of the Hodge class A(l) in the moduli space of curves, through ELSV 
formula [8]: 

n 

fj,,e{fj,)=n i=l 



\ i=i ^«^v x„„ i=i 



■1)" E ^(i)nr^ n 
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- More generally, it was initially proposed by Marino [21] and refined by Bouchard- 
Klemm-Marifio-Pasquetti (BKMP) J^, that if we choose the spectral curve to be the 
mirror curve of a toric Calabi-Yau 3-fold X, then the Wn^^^s should be generating 
functions for the Gromov-Witten invariants of X, i.e. they enumerate maps from a 
Riemann surface of genus g into X with n boundaries into a Lagrangian submanifold 
of X. This BKMP conjecture was proved to low genus for many spaces X, and to all 
genus only for the case X = in [51 EOl • 

Then, if a spectral curve is not among the list of "known examples" (the list above 
is not exhaustive, there are also more known examples associated to matrix mod- 
els [12], combinatorics of maps and combinatorics of 2D and 3D partitions, counting 
Grothendieck's dessins d'enfants [23], ■■■), the natural question is: 

- do the lyi^^'s of an arbitrary spectral curve have a meaning in terms 
of enumerative geometry, counting the "volume of some moduli space of 
surfaces" ? 

In [TU] we proposed a partial answer for all spectral curves having only one branch- 
point. The goal of the present article is to extend that to an arbitrary number of 
branchpoints. We shall thus define a compact moduli space A^g^„ of "colored" Rie- 
mann surfaces of genus g with n marked points, and some (cohomology class of) dif- 
ferential forms A(iS) and B{z, on it, so that Wn^"^ is indeed an integral on that 
moduli-space. 



We shall prove in theorem 4.1 that: 



» n 



where notations are explained below. 

We shall see that the term B{zi,l/tpi) or more precisely its Laplace transform 
J Q-fJ'M^i) B[zi, l/i^i) is the analogous of in the ELSV formula, and that it indeed 

reduces to it if we choose the spectral curve to be the Lambert function. In some sense 
our formula generalizes the ELSV formula. 

2 Definition and notations: spectral curves and 
their invariants 

The goal of this article is to show that invariants of an arbitrary spectral curve can be 
written in terms of intersection numbers, so we first recall the definition of symplectic 
invariants and their descendants. 
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Definition 2.1 (Spectral curve) a spectral curve S = {C,x,y,B), is the data of: 

• a Riemann surface C (not necessarily compact neither connected), 

• two analytical function x:C— t-C, y : C ^ C, 

• a Bergman kernel B, i.e. a symmetric 2nd kind bilinear meromorphic differential, 
having a double pole on the diagonal and no other pole, and normalized (in any local 
coordinate z) as: 

7-> / ® '^-^2 /X 

B[zi,Z2) ~ 7 — + analytical. (2.1) 

22^21 [zi — Z2y 

Moreover, the spectral curve S is called regular if the meromorphic form dx has a 
finite number of zeroes on C, and they are simple zeroes, and dy doesn't vanish at the 
zeroes of dx. In other words, locally near a branchpoint a, y behaves like a square root 
ofx: 

y{z) ~ y{a) + y'{a) ^x{z)-x{a) + 0{x{z) - x{a)) , y'{a) ^ 0. (2.2) 

2— >a 

From now on, all spectral curves considered shall always be chosen to be regulai]^ 

In [12], it was proposed how to associate to a regular spectral curve, an infinite 
sequence of symmetric meromorphic n-forms, and a sequence of complex numbers 
Fg{S). The definition is given by a recursion, often called "topological recursion", 
which we recall: 

Definition 2.2 (Invariants Wn\S)) Let S = {C,x,y,B) be a regular spectral curve. 
Let ai, . . . , Of, be its branchpoints (zeroes of dx in C). We define 

w['\S-z)=y{z)dx{z\ (2.3) 
PFf (5; zi,Z2) = 5(^1,^2), (2.4) 

and for 2g - 2 + {n + l)> 0.- 

b 

H/'i+\(5;2;i,...,2;„,2;„+i) = Res ir(z„+i, 2;) hy^?[.^^^(2;, z, 2:1, . . . , Zn) 

4 = 1 

+E E <^#,(^,/)<-/j(^,j) 

h=0 /ttlj={2l,...,2„} 

(2.5) 

where the prime in Xl/i+ij i^^^^ns that we exclude from the sum the terms {h = 
0, J = 0) and {h = g,J = and where z means the other branch of the square-root in 



generalized definition of symplectic invariants for non-regular spectral curves was also intro- 
duced in [28j, but for simplicity, we consider only regular spectral curves here. 
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(2.2) near a branchpoint ai, i.e. if z is in the vicinity of ai, z ^ z is the other point in 
the vicinity of ai such that 

x{z) = x{z), (2.6) 

and thus y{z) ~ y{a) — y' {a)\Jx{z) — x{a). The recursion kernel K{zn+i,z) is defined 
as ^ 

K is a 1-form in Zn+i defined on C with a simple pole at Zn+i = z and at Zn+i = z, 
and in z it is the inverse of a 1-form, defined only locally near branchpoints, and it has 
a simple pole at z = ai. 

We also define for g >2: 

F,{S) = W;,'^\S) = ^ 1^ Res wf'\S; z) ^ y{z')dx{z')^ . (2.8) 

With this definition, Fg{S) E C is a complex number associated to S, sometimes 
called the g^^ symplectic invariant of S, and wjf\S; zi, . . . , Zn) is a symmetric multi- 
linear differential G T*{C) ■ ■ ■ (g) T*{C), sometimes called the n^^ descendant of Fg. 
Very often we denote Fg = Wq^\ If 2 — 2g — n < 0, wjf^ is called stable, and otherwise 
unstable, the only unstable cases are Fq, Fi, Wi'^\ W^f \ For 2 - 2^ - n < 0, w!f^ has 
poles only at branchpoints (when some Zk tends to a branchpoint Oj), without residues, 
and the degrees of the poles are < 6g + 2n — 4. 

It is also possible to define Fq and Fi, see [12], but we shall not use them here. 

Those invariants Fg and wjf^'s have many fascinating properties, in particular 
related to integrability, to modular functions, and to special geometry, and we refer 
the reader to 



3 Intersection numbers 

Our goal now is to relate those wi^'^^s to intersection numbers in moduli spaces of 
curves, so let us first introduce basic concepts. 

3.1 Definitions 

Let A^g,n be the moduli space of complex curves of genus g with n marked points. It 
is a complex orbifold (manifold quotiented by a group of symmetries), of dimension 

dimMg^n = dg^n = ^g - 'i + n. (3.1) 
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Figure 1: A stable curve in Aig,n can be smooth or nodal. Here we have an example in 
A^3,4 of a stable curve of genus g = 3, with n = 4 marked points pi, ■ . ■ ,P4,, and made 
of 3 components, glued by 3 nodal points. Each nodal point is a pair of marked points 
{qi,qj)- Each component is a smooth Riemann surface of some genus Qi, and with rij 
marked or nodal points. Stability means that for each component Xi = '^ — '^gi — fii < 0. 
Here, one component has genus 2 and 1 nodal point g4 so x = ~3, another component 
is a sphere with 2 marked points pi,p2 and 3 nodal points qi,q2,(l3 i-e. x = ~3, and 
the last component is a sphere with 2 marked points P3,P4, and 2 nodal points g5,g6 
so X = ~2. The total Euler characteristics is x = ~3 — 3 — 2 = —8 which indeed 
corresponds to 2 — 2g — n for a Riemann surface of genus g = 3 with n = 4 marked 
points. 

Each element . . . ,p„) G -Mg^n is a smooth complex curve S of genus g with n 

smooth distinct marked points Pi, ■ ■ ■ ,Pn- M.g,n is not compact because the limit of a 
family of smooth curves may be non-smooth, some cycles may shrink, or some marked 
points may collapse in the limit. The Deligne-Mumford compactification M.g^n of M.g,n 
also contains stable nodal curves of genus g with n marked points (a nodal curve is 
a set of smooth curves glued at nodal points, and thus nodal points are equivalent to 
pairs of marked points, and stability means that each punctured component curve has 
an Euler characteristics < 0), see fig[l| A^g,n is then a compact space. 

Let Ci be the cotangent bundle at the marked point p,, i.e. the bundle over M.g^n 
whose fiber is the cotangent space T*{pi) of S at Pi. It is customary to denote its first 
Chern class: 



ipi is (the cohomology equivalence class modulo exact forms, of) a 2-form on Aig^n- 
Since dimu A^g,n = 2 dime ^Ag,n = 6g — 6 + 2n, it makes sense to compute the integral 
of the exterior product of 3g — 3 + n 2- forms, i.e. to compute the "intersection number" 



on the Deligne-Mumford compactification Aig^n of ■Mg,n (or more precisely, on a virtual 



ipi = ip{Pi) = ci(£i). 



(3.2) 




(3.3) 
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cycle W"^" of Aig^n, taking carefully account of the non-smooth curves at the boundary 
of Aig^n), provided that 

^di = dg^ri = S^f - 3 + n. (3.4) 

i 

If this equality is not satisfied we define (V^f^ . . .ip'^"^^^ = 0. 

More interesting characteristic classes and intersection numbers are defined as fol- 
lows. Let (we follow the notations of [TB], and refer the reader to it for details) 

be the forgetful morphism (which forgets the last marked point), and let ai, . . . , a„ be 
the canonical sections of tt, and Di, . . . , be the corresponding divisors in M.g n+i. 
Let be the relative dualizing sheaf. We consider the following tautological classes 

on Mg^n- 

• The ipi classes (which are 2-forms), already introduced above: 

It is customary to use Witten's notation: 

^f=r... (3.5) 

• The Mumford classes [251 H] • 

i 

Kk is a 2A;-form. is the Euler class, and in Aig^n, "we have 

f^o = -Xg,n = 2g -2 + n. 

Ki is known as the Weil-Petersson form since it is given by 27r^Ki = Yli dk A d6i in the 
Fenchel-Nielsen coordinates {li,6i) in Teichmiiller space [29] . 

In some sense, k classes are the remnants of the ip classes of (clusters of) forgotten 
points. There is the formula [T]: 

7r,<\ . . Vnil =^^^..<"«:. (3.6) 
T^^Ti^^t^ ...i^t i^tXl €^2 = i^i '^fc' + ^^k+k') (3.7) 

and so on... 

• The Hodge class A(a) = 1 + YX=i {-if Ck{^) where Cfc(E) is the A;*^ Chern 
class of the Hodge bundle E = 7r=K(u;^). Mumford's formula [25l [T^ says that 
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where Bk is the k^^ Bernoulh number, 6 a boundary divisor (i.e. a cycle which can be 
pinched so that the pinched curve is a stable nodal curve, i.e. replacing the pinched 
cycle by a pair of marked points, all components have a strictly negative Euler char- 
acteristics), and Z^* is the natural inclusion into the moduli spaces of each connected 
component. In other words "^^h* adds a nodal point in all possible stable ways. 

In fact, all tautological classes in Aig^n can be expressed in terms of ■^/'-classes or 
their pull back or push forward from some A4h,m [2]. Faber's conjecture [15] (partly 
proved in ^23j and (TU]) proposes an efficient method to compute intersection numbers 
of ip,i^ and Hodge classes. 

3.2 Reminder 1 branch-point 

If Sa = {Ca,x,y, B) is a spectral curve with only one branchpoint a, the following 
theorem was proved in |10j : 

Theorem 3.1 (1 branchpoint) 

n 

Wi^\Sa, zi,..., z^) = 2'-- Yl n ^^'^.'^»(^^) (^i' • • • ^('^« 

di,...,d„ i=l 

= 2^^- /f[B,{z-l/ij,) A{Sa 
(3.9) 

or alternatively after Laplace transform: 

„ n 
/ Wjf\Sa,Z,,...,Zn)lle-'^'^^'^^ 

la 1=1 

" 9 / — —^i x{a) I ^ f \ \ 



di,...,d„ J=l 



i=l V f- ' 

where 



Mg,„ 



with the times ta^k defined by the Laplace transform of ydx 

.3/2 pMx(a) 



^ , yc/xe-"^ (3.12) 
2 a/tt 

wi/i 7a the steepest descent contour going through a, i.e. such that 

x{^a)-x{a) = R+, (3.13) 
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and B and B are defined by Laplace transforms of the Bergman kernel 



Ba{z-u) = - '^ ^ / B{z,z') e-^<^"^ = y^u-''dUAz) (3.14) 



U + V 2 TT Jz,z'eja 

k,l 

[dAig^n] is the set of boundary divisors of ■M.g,n, o-nd Is* is the natural inclusion of a 
boundary of M-g ^ into M.g-i^n+2 U U^*^^'^A^/i^m x M.g^h,n-m, (md ip, i^' represent the 
ip classes associated to the 2 marked points in M.g-i^n+2 U y^h,mM.h,m x M.g-h,n-m, 
associated to the nodal point in dAig^n- 

proof: 

This theorem was proved in [10], using the known result for the Kontsevich inte- 
gral's spectral curve, and the deformation theory in [12] (special geometry) satisfied by 
symplectic invariants Wn^^^. This allowed to view any spectral curve with one branch 
point, as a deformation of the Kontsevich's spectral curve, and thus prove this theorem. 
□ 



Notice that formula (3.10) is very reminiscent of the ELSV formula [S]. 



3.2.1 Example: topological vertex 



A very important example of application of theorem 3.1| is the topological vertex. 



The spectral curve of the topological vertex is given by 
5 = (C\]-cx),0]U[l,oo[,x,i/,S) 
x{z) = — / In 2; — In (1 — z) 

y{z) = -\nz (3.16) 

B{z,,z,) = f^ 

It is more often described by observing that X = and Y = e~^ are related by the 
following algebraic equation (known as the mirror curve of with framing /): 

X = Y^1-Y). (3.17) 

The only branchpoint is at a = //(I + /), and 7^ =]0, 1[, so that the Laplace 
transform of ydx is the Euler Beta function (we first integrate by parts): 



/ 



e""" ydx = - [ e""" dy=- C (1 - zf 
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1 r(n + l)r(/n) 

u r((/ + i)^i + i) 

1 T{u)T{fu) 



(3.18) 



U + i)u r((/ + i)«) 



Using the Stirling large u expansion of the V function, we thus have from (3.12) 



9{u) 



e*« = v/2/(/ + l) 

B2k 



2k{2k - i; 



u 



l-2fc 



(3.19) 
(3.20) 



where Bk is the k Bernoulli number. Similarly we find (see appendix p 



B(u.v) 



I — Q-9{u) Q-g{v) 



uv 



U + V 



(3.21) 



Using a few combinatorial identities (see [ID!), and thanks to Mumford's formula (3.8) 
(which writes Hodge classes in terms of ip and k classes, see [25])) ^^"^ ^^at the 
spectral curve's class of the vertex is the product of 3 Hodge classes (see pjQ]): 



K{S) = AHodgc(l)AHodge(/)AHodge(-/ - !)• 



(3.22) 



i=l 



Notice also that from (3.21) we have 



-t^xiz) 1/^) 



2v^e 



-lix{a) 



1 + liii 

i.e. formula (3.9) reads in that case (after Laplace transform): 



(3.23) 



^l") • • • •) ) 



Ottg ,ri 

Jo{2g-2+n) 



f " 1 
/_ AHodgc(l)AHodge(/)AHodge(-/ ^ 1) I I ^j" T 



j^r(/i,)r(M) /(/ + i)/+iy^ 2^2^ 



(3.24) 



.1 r((/ + l)/x, 



whose right hand side is the famous Marino- Vafa formula [22] . 

Using the result of [301 [6], that the symplectic invariants wlf^ of the vertex are 
the Gromov-Witten invariants of C^, we see that (3.9) translates into the Marino- Vafa 
formula [22], and thus, w!f^'s are generating functions of Gromov-Witten invariants 
of C\ 

The large / limit of that identity, is the ELS V formula [8] combined with Bouchard- 
Marino formula [5|. 
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4 Spectral curve with several branchpoints 

Let S = {C,x,y,B) be a spectral curve, let {01,02, . . . ,ab} be the set of its branch- 
points. We first need to set up notations. 

4.1 Local description of the spectral curve near branchpoints 

For each branchpoint Oj we define the steepest descent path 7^ . , as a connected arc on 
C passing through such that 

x{ja.)-x{a,)=R+. (4.1) 
In a vicinity of Oj we define the local coordinate 



Ca,{z) = ^/x{z)-x{ai). (4.2) 

Remark 4.1 For our purposes, it is sufficient that 7a. is defined only in a vicinity of a^, 
but for many examples, it is actually a well defined path in C. 

4.1.1 Coefficients Bai,k;aj,i 

We expand the Bergman kernel in the vicinity of branchpoints as follows: 

l^al \^^"'^^ ' ^"-i^ d,d'>0 / 

(4.3) 

and then we define 

Ba„k;a„k' = (2A; - 1)!! (21 - 1)!! 2-*^-'"^ Ba„2k;a„2k'. (4.4) 

It is useful to notice that the generating function of these last quantities can also be 
defined through Laplace transform, we define: 

Ba,^a,{u,v)= J2 Ba,,k;a,,k'U-^ V-\ (4.5) 
fe,fe'>0 



which is given by the Laplace transform of the Bergman kernel 

^ux{ai)+vx{aj) 



B^,,^^{u,v) = 6,, + ^^^^ / / i?(z,;.')e-"^(^)e— (^') (4.6) 



where the double integral is conveniently regularized when i — j, so that Bai,aj{ui v) is 
a power series of u and v. 
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4.1.2 Basis of differential forms dC,a,,d{z) 
We define the set of functions C,ai,d{z) as follows: 

d^aU^) = -i2d- 1)112-'' Res Biz,z')CaA^T"''' (4-7) 

z'—^ai 

It is a meromorphic 1-form defined on C, with a pole only at 2; = a^, of degree 2d + 2. 
Namely, near z — aj it behaves like 

"(..A^)-^^ -k, - EB^.M...u..(^rdc.,(.). (4.8) 

These differential forms will play an important role because they give the behavior 
of the Bergman kernel B near a branchpoint: 

B{z,z')-B{-z,z')^^^ -2 J2 dCaXz)®dUAz'). (4.9) 

C,ajfl{z) plays a special role, notice that it has a simple pole at 2; = aj and no other 
pole: 

^a„o{z) ~ ——- + analytical. (4.10) 

4.1.3 Laplace transform fij{u) 

Knowing ,o{z), it is useful to define its Laplace transform along as 



1 ^ux(a,) I ^-ux 



2J'K u 

V - 

fc>0 



In appendix [B| we show that 

Lemma 4.1 [proved in appendix \^ If C is a compact Riemann surface and dx is a 
meromorphic form on C and B is the fundamental form of the second kind normalized 
on A-cycles, we have 

SO that all we need to compute is in fact fijiu). 
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4.1.4 Half Laplace transform 

We also define 

If we do a second Laplace transform we have 



f S(^,^')e— (-')^^t,-<^deaU^). (4.13) 



(4.14) 



4.1.5 The times ^ 

Finally we define the times tai,k at branchpoint Oj in terms of the local behavior of y{z) 
by the Laplace transform of ydx along 7a. 

„.'i/2 ux{ai) r ,/^P«a;(ai) /" 

e-^«.,Oe-g«.(") ^ " V / e-"^(") y(^) dx(z) ^ ^ V / e-"^^^) dy(z) 

(4.15) 

The times tai,k are the coefficients of the expansion of g{u) at large u: 

^a,W = 5^4,,,H-'=. (4.16) 

k>l 

Notice that the time ia.^o is given by 

e-*-o = i hm ^ (4.17) 

4.2 Structure of invariants 

Since the definition of Wn^ involves only residues at branchpoints, this means that for 
each {g,n), Wjf^ is a polynomial of the coefficients of B and y in a Taylor expansion 
near the branchpoints, in other words, Wn^ is a polynomial in the times ia^^k and 

Since K is linear in B, and 1^2°^ = S is also linear in B, one easily finds by recursion 
that Wn^ is polynomial in the coefficients Bai,d;aj,d', of degree 3g — 3 + 2n — dg^n + it-- 

When we compute residues at 2; — > Cj, we may replace ^(2;, 2;'), or more precisely the 
combination B{z, z') — B{z, z') (indeed the Bergmann kernels always enter the residue 
computation with this combination, this due to the fact that K{zo, z) — K{zo, z)) by 

B{z,z')-Biz,z') = -2 Y.CaA^y'dU^) (2^!.\),, ^ea.c^(^0, (4.18) 
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where 

dUA^) = Res B{z, z') U^)-''-' (4.19) 

and thus one clearly sees by recursion that there exists some coefficients An^ such that 

n 

Zi, . . . ,Zn) 

and the coefficients An^ are polynomials of the Ba„d;aj,d' of degree 3g — 3 + n = dg^n- 
An'^ are also polynomials in the t^- ^ because the residues also picks terms in the 
Taylor expansion of the denominator of K, i.e. the Taylor expansion of y{z)dx{z) near 
branchpoints, i.e. the coefficients iai,k- 
So we have: 

Proposition 4.1 For any spectral curve S with branchpoints ai,...,ab, there exists 
some coefficients An\S; ii,di;...; d„) such that 

n 

= E J2 ^n\S;ii,d,;...;i^,dr,)l[dU,,d.i^k) (4.21) 

- The coefficients An^ are non-vanishing only if dk < 3g — 3 + n. 

- The coefficients An^ are polynomials of the Bai,d;aj,d' of degree 3(? — 3 + n = dg^. 

- The coefficients An ^ are polynomials in the iai^k, of degree at most dg^n (where ia^^k 
is weighted with degree k). 

Our goal now, is to show that the coefficients An"^ can be written as intersection 
numbers in some moduli space. 

4.3 Definition of an appropriate moduli space 
Definition 4.1 We define 

>f^,„ = {(E;pi,...,p„;a)} (4.22) 

where (S;pi, . . . ,p„) G M.g,n is a Deligne-Mum,ford stable curve of genus g with n 
marked points, and cr : S \ {nodal points} ^{l,2,...,b}z5a continuous map. 

This moduh space is clearly compact, and contains b copies of Mg^n- 
Notice that if (S;pi, . . . ,p„) is a smooth curve (e A4g,n), i.e. with no nodal points 
then (7 must be constant, and if (S;pi, . . . ,p„) is a nodal curve with k components, 
then (7 must be piecewise constant i.e. is constant on each component. 
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Definition 4.2 Let {ai, 02, . . . , ctb} be a set of b elements (later on, these will be 
the branchpoints of some spectral curve). For every i = l,...,b, let A^. = 
fi{tpi, . . . jipn, 1^0, 1^1, 1^2, ■ ■ ■) be a tautological class on Aig^n, which is a combination 



of 4^ o,nd K classes, defined independently of g and n (as for instance (3.11)^. Let 



Cai,d;aj,d' be an arbitrary sequence of complex numbers indexed by i,j G [1, . . . , b] and 
d, d' E N. We define the class A on A^g_„ as follows: 

If . . . ,Pn] cr) G -M-l^n such that . . . ,Pn) is a stable map with k com- 

ponents U^^i(T,m, Pm, Qm) whcrc Pm is a subset of {pi, . . . ,Pn} and pairs {qi,qj) are the 
nodal points (see fig\^, we define the topological class 



A=nA 



<^(Sm) J. J. 1 / J 

m=l <gi,gj>=nodal point \ d,d' 



n 



4\a„ 



(4.23) 



where /* is the natural inclusion into J^g^^nm ^ -^s™',"™/ ("^f 1i ^ ^'^^ 1j ^ <^m')- 

Then we have our main theorem: 
Theorem 4.1 For any spectral curve S = {C,x,y,B) with b branchpoints 

o 

{ai, 02, ... , at,}, we consider Sa^ = (Cj, x, y, B) where Ci C C is a vicinity of the branch- 

o 

point ai, X and y are the restrictions of x and y to Ci, and B can be any arbitrary 
Bergman kernel chosen in Ci (it doesn't need to be the restriction of B to Ci x Ci). 

Then, the symplectic invariants of S are integrals of the class A(5) on A^gn- 



1=1 



(4.24) 



or in Laplace transform 



n 



,Zn) lie 
1=1 



2^.. IT 2v^^-"'^'^"'^ 

i=l ■^M,,^ 



^(^) n I 

i=i ^ 



l^i-^iPi] 



^a,^,a,(,^)(/i*,l/V'(Pi)) 



(4.25) 
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or using lemma 



4.1 



'fJ.iX{Zi) 



1=1 



n n b 

i = l "^-^S.n i = l 



1 + ^li1p{Pi) 



(4.26) 



In particular for n = 0; 



Fg{S) = 2'^^'" [ A{S) 



3.1 



where A (5) is defined as in def.4.2, with A^- defined in theorem 

. . . a) G A^g_„ is made of k components S = U^^iT^m, with p, 
{pi, . . . n one? (gi, gj) are the nodal points, we define 



(4.27) 



(4.28) 



n Aa„ W (^(^a^(,^),d;a„(,^.),d' 

m=l <gi,gj>=nodal point d,d' 

k 

m=l <gi,gj>=nodal point 

(l/^(g.),l/V^(g,))), 



where A^^ zs i/ie c/ass defined in theorem 3.1 or in [10]: 



wii/i the times ia^^k defined by the Laplace transform of ydx along ja 



ux{ai) 



(4.29) 



(4.30) 



and where the Ba-^d;a ,d' o'^e defined by the Laplace transform of the Bergman kernel 



Ba^,a,iu,v) 



UV g«x(a,)+^z(a,) 



'J I 



+ 



27r 



J2 Ba,Aa„d' U-'' V-"' 



dA' 
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uv 

U + V 



(4.31) 



and 



'TT 



J^^^'dUdiz), (4.32) 



and 

/,,H= ^7 ' / e-«-(^)ea„o(^)rfx(^) (4.33) 
proof: 

The proof almost follows the definition of wjf^^s. It can also be viewed as a simple 
application of the method of Kostov and Orantin [201 US EI] . We give the full proof 
in appendix \K\ □ 

4.4 How to use the formula 

Example, assume that there are 2 branch points ai,a2, and let us compute W^'^^ and 

• For W^^\ consider a stable curve S of genus 0, with 3 marked points (^1,^2,^3)- 
The only possibility is that E is a sphere with 3 marked points, and thus it is a smooth 
surface, and a must be constant. There are two possibilities cr = 1 or o" = 2. In other 
words Ml 3 ~ A^o,3 U -^0,3- We thus have 



3) 



0,3 



+ (A2 BaM, IM) Ba,{z2, IM) B,,{z,, I/V3) ) .(4.34) 

\ / 0,3 

Moreover, we have Ba^z, l/^p) = Y.d'^'^ d^a„d{z), and since dimA^o,3 = c?o,3 = 0, only 
the term d = may contribute, i.e. 

W^°\S, Zi, Z2, Z3) = ( Ai ) d^au0{zi) d^aifi{z2) d^aifiizs) 

\ I 0,3 

+ (A2 ) dia^fi{Z\) d^a2fi{z2) (i^aa.O (2:3) • (4.35) 
\ / 0,3 

Then, we have 

and since 9A^o,3 = 0? and since (io,3 = 0, only the term kq may contribute, and thus 

(Ai) ^ = e*"i'° (l)o_3 = e*"i-« , (A2) = e*"2'° (1)0^3 = e*'^^-", (4.37) 
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and finally, since < 1 >o,3= 1: 

V-^'" dCa,,o{zi) dU,o{z2) dU,o{^3)- (4.38) 

• For W^^\ consider a stable curve E of genus 0, with 4 marked points (pi,P2,P3,P4)- 
If E is smooth, then a continuous map cr : E — )■ {1, 2} must be constant, it takes either 
the value a — 1 or a — 2. If E is not smooth, then it is a nodal curve, let us call {qi, 52) 
the nodal point. The only stable possibility is that E has 2 components E = Ei U E2, 
which are both spheres with 3 marked points, and thus qi e Ei, q2 G E2, and 2 of the 
points Pi,P2,P3,P4: belong to Ei and the 2 others belong to E2. Then a continuous map 
(7 : E — > {1, 2} must be constant on Ei and on E2, for instance it may take the value 
(7 = 1 on El and o" = 2 on E2. This shows that 

12 times 
. . 



A^o,4 ~ Mo,4 U Mo,4 U Mo,3 X Mo,3, (4.39) 

where the 12 times correspond to the 12 possibilities to have 2 point with color 1 and 
2 point with color 2 among the 4 marked points Pi,P2,P3,P4- 
We thus have 

^-W!'\S,zu...,z,) 
4 



= m4i(-2i,iMPi)) Ai 
\i=i / 

+ (flKiz^,l/HPi)) A2 
\i=l I 

+1 E (^«*(^1'VV'(pi))4,(^2,iMp2)) V'(?i)'^A,)^^ 



i,je{i,2}2 d,d' 



S„.(Z3,1/V'(P3))5„,(^4,1/V'(P4)) ^{q2f A 



0,3 



+symmetrize on (zi,Z2, Z3, Z4) (4.40) 

where all intersection numbers in the right hand side are now usual intersection numbers 

in the corresponding Aig^n- 

Since A^o,3 is a point (dimA^o,3 = c?o,3 = 0), we must have d = d' = in the 
last term, and we may replace BaXzyl/'ip) = Yld"^"^ ^^a,,,d{z) by d^a,fl{z). And since 
do,4 = 1, wc may replace Ba^z, 1/V^) = Y.d^'^ d^cuA^) by diai,o{z) + 'ip d^ai,i{z) in the 
<>o,4 terms. More explicitly, that gives 

^-Wt\s,zu...,z,) 
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\i=l J 
+ ( tlidUA^i) + ^{Pi) dU,i{zi)) A2 

\i=l I 0,4 

+ 9 (^ai,0;aj,0 (Ai) O^Ca^ ,o(^l) O^Ca^ ,0(^2) (Aj) C^^a,-, 0(^3) C?Ca,-, 0(^4) 



2 / ^ u,,,u,u,3,L> ^ /o3 ' ^ /o3 

MG{1,2}2 

+symmetrize on (2:1, 2:2, 2:3, 2:4) (4-41) 

Again, since do,3 = 0, we may keep only the Kq term in the computation of < Aj >o,3, 
i.e. 

aA =/e*"-°''°\ =e*°-°. (4.42) 
/ 0,3 \ / 0,3 

6 times 
, . 



Since do,4 = 1; we need to keep Kq and Ki, and since 9A4o,4 ~ -^0,3 x -^0,3) we have 

^i) = U^-^^H^ + k,!'^!)) + ^5a„0;a„0 (aA (aA 

/ 0,4 \ /o,4 2 \ /o,3 \ / 0,3 

\ / 0,4 

= e^*-.» +3Ba„o;a„ol (4-43) 



where we used that < ki >o,4= 1- Similarly, since dim'^ = 1, we have 

0,4 



V^Ai) = (V;e*"-°''°) = e^*''-^ (V^)o4 = e^^'^i'O (ti)o4 = e^*"-", (4.44) 



0,4 \ / 0,4 

where we used that < ri >o,4= 1- We thus have 
]^wf\S,z,,...,z,) 



= e^*''i'° + 3 5ai,0;ai,0^ d^a^^Q^Zi) diai,o{z2) d^ai,o{z^) d^aifl^Z^) 

+e^*"i'° (i^ai,i(^i) (^^ai,o(^2) dia^fi{zi) d^auoizi) + sjm. on {zi,Z2, Z3, 2^4)) 

,0;a2,0 ) C?Ca2,o(2;i) <iCa2,o(2;2) '^^02,0(2:3) '^Ca2,o(2;4) 

+e^*»2'° dCa2,iizi) d^a2,o{z2) dUA^s) dUA^d + sym. on {zi,Z2, Z3, 

i,i6{l,2}2 

+sym.on (^i, ^2, ^3, ^4)) 

= e^*"i'° +3Sai,0;ai,0^ (^Cai,o(^l) C?Cai,o(2;2) (^Cai,o(^3) C?Cai,o(^4) 
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+6^*"!'° d^ai,l{zi) d^a^fl{z2) d^aifiizs) d^aifl{z4) + Sjm. Oil (^1,22, Z3, 
+6^*"^'° (^a2,l + 3 i?a2,0;a2,0^ '^^a2,o(^l) '^^02,0(^2) '^^02,0(^3) ^^^02,0(^4) 

+e^*'"2''' ^ (i^a2,i(^i) '^^02,0(^2) d^a2,o{z3) d^a2fi{^4) + sjm. on (2:1, 2:2, Z3, Z4 

+ ^ C'a,,0;ai,0 e^*'"!^'' (^6 rf^ai,o(2;i) rf^ai,o(^2) C?^ai,o(2;3) d^aifii^i) 
+ 2 ^'I2,0;a2,0 e^^^Z'" ^6 rf'Ca2,o(^l) '^^02,0(^2) '^'^02,0(^3) '^^02,0(^4) 
+Cai,0;«2,0 e'^i-^+'^a-" rf^ai.ol-Zl) rf^ai,o(2;2) rf^a2,o(2;3) C?^a2,o(2;4) 

+sym. on {zi, Z2, Z3, 24)^ 

(4.45) 

and then, remember that 

o 

Cai,0;aj,0 = -Bai,0;aj,0 " Bai,0-aj,0 (4.46) 

i.e. finally: 

^-Wi'\S,z,,...,Z4) 

= e^*"!'" (ia,,l + 3 5„^,0;ai,o) d^ai, oi^l) d^ai, 0(^2) d^auo{z3) d^aifiiz^) 

+e^*"i^'' (^(i^ai,i(2;i) d^auo{z2) d^ai,o{z3) d^a^fiiz^) + Symmetrize on {zi, Z2, Z3, ^4)) 

,0;a2,0 ) '^'Ca2,o(^l) ^^^02,0(^2) ^^^02,0(^3) ^^'^(12,0(^4) 

+e^*''2''' (^(i^a2,i(^i) d$,a2,o{z2) dia2fl{z^) d^a2fii^i) + Symmetrize on {zi, Z2, Z3, ^4)) 



+5ai,0;a2,0 e^^i'^+'^^.O d^„^,o(2;i) C?Cai,o(2:2) C?Ca2,0 (2^3) C^^a2,0 (2^4) 

+symmetrize on {zi,Z2, Z3, Z4) ) . (4.47) 



It is easy to verify that this coincides with the direct computation of residues in the 
very definition of wf'\ 

4.5 Examples 

In this section, we consider some classical examples of spectral curves with 2 branch- 
points, and we compute the corresponding Laplace transforms. 

4.5.1 Ising model and the Airy function 

The spectral curve of the Ising model coupled to gravity, i.e. the (4, 3) minimal model, 
is (see [H): 

S = {C,x,y,B) 
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x{z) = — 3z 

y{z) = - + 2 (4.48) 

That curve has two branchpoints: 

a+ = 1 , a_ = -1. (4.49) 

Instead of chosing the colors a e {1, 2}, we chose to name the colors a e {+, — }. 
Notice that we have the symmetry 

x{-z) = -x{z) , y{-z) = y{z), (4.50) 

and thus all what we compute for a+ can easily be transposed to a_. 

We have: 

C+(^) = V^<^)T2 = (^- 1)V^T2. (4.51) 

We easily find 

. , 1 1^1,3^ {-ircl r(3fc/2) 

W.ol^J V3 ^ - 1 C+ 2 ^ 33/2(^+1) {k + 1)! T{k/2) ^ > 

B = (-^)' r(3/2 + 3A:/2) 
+.o;+,fe 2 33^/2+2 (A; + 2)!r(l/2 + A;/2) ^ ^ ^ 

o ^ 1 (6fc + l)!! ^ ^ (6fc + l)!! . . 

+,o;+,fc 23(fc+i) 33fe+2 (2A; + 2)! 24(^+1) 32^+2 (fc + l)! (2A; + 1)!! ^ ' 

i.e. 

= 1 - E J^l),, (4-55) 

Since /+^+ can also be obtained from the Laplace transform, we write 



2v^ 

x^V^e-i"^^^ 
2V7r 

1/4 -2^3/2 



2^ 
(4.56) 



{Ai{u) + A^'(m)/V^) 
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where Ai is the Airy function, i.e. 



UAu) - ^^^^0^ iMi^uf^') + Ai{{^uf')l{^uf') . (4.57) 
Similarly, we have 

" V3(^ + l) " ^ 2 3(3^-i)/2 mW2) ^^^^ ^ ' 

B - r(3fc/2 + 3/2) 

^-,0;+,fc 2 3(3'=+2)/2 A;!r(A;/2 + l/2) ^ ^ 

^""^ B 1 (6A; + 1)!! ^ 1 (6A; + 1)!! 

^-.o;+.fe 23('=+i) 33*^+1 (2A;)! 24^+^ 33*=+! A;! (2A; - 1)!! ^ ^ 

This gives 

r 1 - - V ^ ^ (6^ + 1)!! 

J+,-W - - Z^:^ 24fc+3 33fc+i ^! (2A;-1)!!' ^ 

which can also be computed by Laplace transform: 



3/4 _ 2^3/2 
1/4 _ 2^3/2 



\/3(^ + l) 



(4.62) 

where is the Airy function, i.e. 



20F 

{-Ai{u) + Ai'(M)/0I) 



1/4 -2u3/2 

u' e 3 



U,4u) = ^^^1^ i-Amur^') + A^'((3^^)V3)/(3^,) V3) . (4.53) 



Kernels 

The kernel is thus closely related to the Airy kernel 

uv - 
— B+^+{u,v) 

U + V 

= uv 

2n 

Ai((3^)^/3)Ai((3T;)V3)^^^/((3^-)2/3)/(3^y/3^^/((3^)2/3)/(3^)i/3 

u + v 

(4.64) 

22 





J 


2 m- 


-5/4 






2 m- 


-5/4 e-i«'/' 






2 m- 


-5/4 e-|n3/2 



The times are computed by: 

2vvr J 

r, 3/4 -2„3/2 

' e-(^'/3-«.)(^3/^2_2^/^)^^ 

{Ai"'{u) - 2uAi'{u)) 
{Ai{u) - uAi'{u)) 



VStt 
(4.65) 



I.e. 



(4.66) 

In other words, the spectral curve class of the Ising model, is the class. 

55 ^ I 3.55 I 8855 ,. , 

e*+-° = -^. (4.68) 

4.5.2 Example Gromov— Witten theory of and the Hankel function 
In [26], Norbury and Scott claim that the Gromov- Witten invariants of 

n 

Wi'\xi,...,Xn) = J2Arg,^{F') He-^"^ ^,dxi (4.69) 
fj. 1=1 

are computed by the invariants Wn^'s of the following spectral curve: 

S = {C*\R+,x,y,B) 
x{z) = z + 1/z 

yiz)=\nz (4.70) 

That curve has two branchpoints: 

a+ = 1 , a_ = -1. (4.71) 
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Again, the curve has the symmetry: 

x{-z) = -x{z) , dy{-z) = dy{z), (4.72) 

so that all what we compute for a+ can easily be transposed to a_. 
We have: 



I.e. 



z-1 2 ^ 23fe+3(A; + l)! 

>a+,0;o+,2fe-2 — {~^) 2^ik~^\ ' ^a+,0;a+,k-l — v ^/ 24fc y^j 



. (2A:-1)!! ^ (2^-1)!! (2A.-3)!! 



(4.74) 



Ba+,0;a+,2k-2 — ("1) ost LI ' Ba^,0;a+,k-l — ("1) 

Similarly we have 

A 1 1 V- (2fc-l)!! (-1)' . .^fe+l/2 



I.e. 



_ , (2fc + l)!! ^ _ (2A: + 1)!! (2fc-l)!! 

Therefore we have 

fc>0 fc>l 

Again, /+ + and /+ _ can be computed by Laplace transforms as integrals and are 
found equal to Hankel functions: 

1/2 „2« rco 

2\/vr Jq [z - 1) 



,,1/2 2m foo ■> -L ^ 

" 6 ' ^-u{z+l/z) i±i(^^ 



20F Jo 

r^-u(z+iM (1+1/^) ^ 

2\/7r Jo ^ 

r^-u(.+i/z) ^2 + z + l/z) - 



4^/7^ du 



j 

Jo 



g -u(z+l/z-2) 



^1/2 g4« d 
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^1/2 g2u 



(4.79) 



n {-tHo{2iu) + Hi{2iu)) 



where Ho is the Hankel function. 

Applying the formula of appendix [B| we have 

7/7; 

U + V 



UV 



U + V 

Then, we compute the times ta±,fc from 

, r<x> J 

= 2e2"vW^ / -e-"(^+i/^) 



(1 - -4txt;/;,_H/:+(t;)) . (4.80) 



z 



/oo 
c/0 e"^" sinh^ </, change of variable z = e^'^ 

-00 

4 a/'u / TT / g-4Ms^ change of variable s = sinh (/) 

J-00 vl + 

2 r ^ changeofvariable, ^ sft^u 



-Bai,0;ai,fc-1 



-2/+,+ (^) (4.81) 



The expansion of g+{u) is 



e-^+(^) = -2/+,+ (n 

i_j : 

= 2 e IBu ^ 64 

= 2 e~ ^'^'^ 



1_ I 1 25 

2e 16u ^ 64u2 3 2lOu^' 



(4.82) 

where the t/c's satisfy the recursion: 



k-l 

Akik = k{k-l) 4-1 + 5Z (j - 1) (/^ - j) ij-i ik-j 

J=2 
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. _ -1 _ 1 . _ -25 
16 64 ' 3 210 

(4.83) 



We have 



4+,a+K^) = -4^ (l + -g'4u)9+iv)] e-^+('^)e-^+(^) (4.84) 

U + V \ uv J 



Ba,,a, (/i, 1/V^) = -4 I 1 + )^ hi;'^' I e- (4.85) 

4.6 Resolved conifold 

The spectral curve of resolved conifold, is (see [1]): 

S = {C,x,y,B) 
x{z) = -/Inz-ln^^ 

y{z) = -\nz (4.86) 

^(^i>^2) = ta|i 

It is customary to denote 

X{z) = e-"(") , Y{z) = e-y^'^ (4.87) 
so that the equation of the spectral curve is 

4.6.1 Determination of ^± o 

We have 

2;(z - 1)(2; - Q) 

and we find: 

UM^) = , J , (4-90) 
v/x"(a+)/2 ^ - a+ 

f++{u) 

= - ^ , / - «-) ^"^-^(1 - ^r-\i - ^/Q)— ' 

Q v/27rx"(a+) Y A;! r(w + 1) ' ^ ' 



26 



/ ^e"^("+) T{u + k + l) fr{k + uf)T{u) ^ T{k + l + uf)T{u) 



k\r{u + i) \ 


^T{k + uf + u) 


k r{u + k + i) 


( nk+uf) 


k\ 


\V{k + uf + u) 


, V{u + k + l) 


r{k + uf) 



Q V27ra;"(a+) V k\r{u + l) \T{k + uf + u) T{k + l + uf + u 

f eux{a+) ^ Y{u + k + l) f T{k + uf) ^ r(A; + 1 + uf) 



Q ^27rux"{a+)^ k\ \r{k + uf + u) r(k + l + uf + u) 

Q y/ 2nux"{a^) \^^ k\ rik + 1 + uf + u) ^ a.){k + uf)) 

(4.91) 



Case / = —1: 
/++(«) = 



1 (a+(l - a+/Q)/(l - a+)nQ{Q - l)y^\VQ + VO^) 

Eq-^ ""^'tf"""' (»+(i -«-)(*-»)) 



(4.92) 



f+Ju) Y / iz-a-) z-''Hl-z/QY-\l-z)-''-Uz (4.93) 

^ ^ a- y27rx"(a+) ' ^ ^ v /^v v ; v v 

The times are given by 



e 



-9{u) _ \/iie"^(») f^zf^'il-zY dz 



V^e 



Jo 

„ux{a) 



2^ Jo {\-zlQY z 



V- r(7/ + k) _ 

2A A;!r(«) io ^ ' z 

^^uxia) r{u + k) T{fu + k)T{u + l) 



2^ r((/ + 1)m + A; + 1) 



u^Qux{a) T{u + k)T{fu + k) 



2^ A;!r((/ + 1)M + A; + 1) 

(4.94) 

This is an hypergeometric function 

5 Conclusion 

In this article wc have shown that the invariants of any spectral curve, have an inter- 
pretation in terms of intersection numbers in a moduli space 

•ML (5.1) 
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of maps of " colored" Riemann surfaces of genus g with n marked points into a discrete 
set {ai, . . . , at,}. This result generalizes the idea that Kontsevich-Witten intersection 
numbers compute the Gromov-Witten theory of a point, here instead we have the 
Gromov-Witten theory of a discrete set of points. 

The computation also shows that to every spectral curve S is associated a certain 
class A(i5) in that moduli space, which in some sense generalizes the Hodge class defined 
through the Mumford formula. 

Descendents correspond to insertion of classes, and the formula in Laplace trans- 
form, looks very similar to ELSV or Marino- Vafa formula: 

(Laplace,^„..,,„ Wi^^) oc /a(5) fl /^-^^.-(/;-) /-(.^.-(IM) \ ^5 2) 



Mirror symmetry 

The definition of topological recursion and invariants wjf'^ starts with a spectral 
curve, i.e. a B-model geometry, and the moduli of the spectral curve are given by a 
1-form ydx, and a Bergman kernel B. 

On the other side, we have the Gromov-Witten theory of a set of points, i.e. an 
A-model geometry, and the coefficients (the moduli) are the coefficients of A, and the 
coefficients of fij{u), and these are obtained by Laplace transform of the B-model 
moduli: 





B model 


A model 


moduli 


ydx , B 





with 

(Laplace^yrfx) {jS) oc e"^^ 
(Laplace^_^,5) (/i, z/) oc ^ 5^^,^;^^,,^/ /i"'' z/"' 

In other words, the mirror map, which expresses the A-moduli in terms of the B- 
moduli, is simply the Laplace transform. 

BKMP conjecture ? 

BKMP conjecture |211 H] claims that if we choose iS = X to be the mirror curve of 
a toric Calabi-Yau 3fold j£, then the Wn'^^^ are the generating function of Gromov- 
Witten invariants of stable maps / : ag^n ^ with their boundaries on a Lagrangian 
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submanifold L C X (to which is associated the coordinate x of S), i.e. the Gromov- 
Witten theory of 

According to what we have just found, this would mean that the Gromov-Witten 
theory of A^(X, L)g^„ actually reduces to the the Gromov-Witten theory of a set of 
points {ai, . . . ,ab}, where the a^'s are the invariant points of the torus symmetry of X. 

This would not be too surprising, since toric symmetry implies localization on 
invariant loci, and in particular near invariant points aj. This well known fact has 
given rise to the famous " topological vertex" theory [171 [7] . 

However, BKMP conjecture is yet to be proved (it was proved so far to all genus g 
only for X = C'^), and our theorem here, doesn't give directly a proof... 
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Appendix A 



A Proof of theorem 4.1 



A.l Graphical representation 

In [HI [12] , it was observed that the definition of wlf'^ can be written diagramaticaly: 

G€gi„izu...,z„) 

where Gg^ni^i, ■ ■ ■ , Zn) is the set of graphs with n external legs, g loops, constructed as 
follows: 

Definition A.l a graph G G G^ni^ii ■ ■ ■ ■> ^n) if (^nd only if: 

• G is a graph with 2g — 2 + n trivalent vertices, n labeled external legs ( each ending 
on a 1-valent vertex) 

• G has 2g — 2+n arrowed edges forming an oriented tree, and n+g — 1 unoriented 
edges. The left and the right branch at each vertex of the tree are distinguished. 
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w{G)= Res Res Res K{zi,z)K{z,z')K{z',z")B{z,z')B{z",Z2)B{z",Z3) 

z-^ai z'—^aj z"—^ak 

Figure 2: Example of a graph in G e ^1^3(^1,^2,^3)- G has 3 external legs, 1 loop, 
3 tri-valent vertices, 3 oriented edges and 3 unoriented edges. The residue in z" is 
computed first, then z' then z. 

• each oriented edge ends on a trivalent vertex, and all trivalent vertex sit at the 
end of an oriented edge. 

• each external leg hut one is an unoriented edge. One external leg is at the beginning 
of an oriented edge, it is the root of the tree of oriented edges it has the label zi . The 
other external legs have labels Z2, ■ ■ ■ ,Zn. 

• G has g internal unoriented edges, each such internal unoriented edge can connect 
two points only if they are on the same branch of the tree ( i. e. if one is the descendent 
of the other). 

• each trivalent vertex v carries an index (t{v) G {1, 2, . . . , b}. 

To associate a weight w{G) to a graph G, we label each trivalent vertex v by a 
spectral variable (i.e. & C) Zy, and the 1-valent vertices (i.e. the root and the n—1 leaves 
of the trees are labeled by zi, . . . , Zn. This induces a labeling of edges e — {ze+, Ze-) of 
the graph in the following way: 

let V be a tri-valent vertex with one oriented edge e with labels {ze_^_,Ze_) arriving 
on it, and two edges (oriented or not) going out of the vertex, the left child edge eieft = 
{zei^f^+,Zei^f^-) and the right child edge e^ght = i^e,igu+^ ^e,igu-)- Then we have: 




(A.2) 



- if an endpoint of an edge is a 1-valent vertex, it receives the corresponding variable 
Zi, in particular the root receives Zi. 
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Then the weight w{G) is 
w{G)=: n : Res TT K{ze+,Ze-) TT B{ze+, z^-) {A.3) 

v=veTtices e=oriented edges e=unoriented edges 

where : Yl '■ means that we compute the residues in a "time ordered manner", i.e. the 
reverse order of the arrows along the tree, i.e. "leaves first, root last" . 

Remark A.l the definition gives a special role to zi, but it was shown in [12J that 

Wn\S; zi, . . . , Zn) is symmetric in all its variables, i.e. the result of the sum of weights 
is independent of which Zi is chosen as the root. 

Example ^03(2:1, 2:2, 2:3) contains 2b graphs. Each graph G G ^93(^1,^2,-23) has 1 
tri-valent vertex, 1 oriented edge and 2 unoriented edges. The oriented edge goes from 
the root zi to the vertex (label z), and the 2 unoriented edges go from the vertex to the 
leaves 22 and z^. zi is either the right or the left edge (and ^3 is the other). Moreover, 
the vertex has an index a G {1, 2, ... , b}. 




Eventually we have 

wf\S- zi,Z2,z^) = V Res K{zi,z)B{z,Z2)B{z,z^)+Y^ Res K{zi, z)B{z, z^)B{z, z^) 

(A.4) 

A. 2 Structure of weights 

Since the weight w{G) of a graph is evaluated by taking residues at branchpoints, it 
has the same structure discussed in section |4.2[ i.e. 



di,...,d„ j=l 

(A.5) 

and the coefficients A{G; di, . . . , dn) is a polynomial in the Ba^,k\a^,,i^ in the ta^^kS of 
total degree at most 3g — 3 + n (where Ba^^k^aj,! is counted with degree 1, and ta^^k is 
counted with degree k), and it vanishes if dj > 3g — 3 + n. 
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A. 3 Cutting graphs into clusters of constant index 

Let G = zi,...,in, z^) e . . . , Zn) be a graph. 

Let us cut all lines which separate vertices of different index, that gives a set of 
subgraphs with constant index in each subgraph: 




The computation of the weight w{G) involves computing residues at z ^ and 
z' — )■ Oo-', i.e. taking integrals along small circles centered around tto- and a^-'. 

If o" = a', the order of computing the two residues {z or z' first ?) matters, because 
exchanging the order means moving one circle across the other, and since K[z, z') and 
B{z, z') have poles when z = z', the exchange of order produces a residue at z = z' 
(and possibly at z' — z for K{z,z')). But if, as we assume here, a a', the circles 
have different centers, and exchanging the order doesn't matter. 

So, let us compute first all residues in a subgraph Gi, and let {z,z') be one of the 
external legs of graph Gi, i.e. it is a line separating vertices of different indexes a and 
a'. If {z, z') is an oriented line from z to z', let us write 

K{z,z') = Res Rcs^ B{z,z") hiE{z",z"') K{z'\z') (A.6) 

and If {z, z') is an unoriented line between z and z\ let us write 

B{z,z')=Res Res B{z,z") In E{z" , z'") B{z"' , z') (A.7) 

where E{z", z'") is the prime form, i.e. its second derivative with respect to z" and z'" 
is B{z",z"'y. 

d,., In E{z\ z'") = B{z", z'"). (A.8) 
The computation of w{G) involves computing a residue of the type: 

Res Res f{z)B{z,z") \nE{z',z"') (A.9) 

z-^aa z"-^z 

where f{z) may have poles at a^r and possibly at other spectral variables associated 
to adjacent vertices in the graph G. This last expression means that we should first 
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compute the residue in z" then in z. This meand that z is integrated around a small 
circle around Oo-, and z" is integrated around a small circle around z. The circle of z" 
can be deformed into two circles around Oo-, one exterior to the circle of z^ and one 
interior: 

7" 






In other words we have: 



Res Res = Res Res — Res Res 



(A.IO) 



Since the integrand has no pole at z" = the last residue vanishes, and therefore we 
may write: 

(A.ll) 



Res Res = Res Res 

2— >ao- z"— >2 2"— >a„ 2— >ao- 



i.e. now we compute the z residue first. 

The computation of the z residue, gives exactly the weight w{Gi), and since Gi has 
all its vertices of color cr, the weight w{Gi) is the same as the one computed from the 
spectral curve Sa^, i.e. 

w{Gi) = w{Gi), (A.12) 



and it takes the form (A.5) 



w 



dl,...,dn j = l 



(A.13) 



and this has to be done for all subgraphs Gi,G2, ■ ■ ■ of G. 

Now it remains to perform the integral over variables z", z'" associated to lines with 
non-constant indices in G, and which now correspond to external legs of Gi,G2- 

Therefore we now have to compute: 



Ca.,d;a.,d'= Res Res d^A^") ^"^^iz" , z'") d^a,,d'i^" 



z"^acr z"'^a„i 



(A.14) 



In this purpose we Taylor expand ln£'(z", z'") in the vicinity of a„ and a^i using (4.3) 



and (A.8): 



\iyE{z\z"'\ ~ 



5, 



acr,k;a / ,d' 



r {k+m+i) 



(A.15) 
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and 

, (2rf+ 1)!! rfCa [z") , , , 

aia,A\^ ) ^ (J//)2d+2 + analytical near (A. 16) 

we have 

_ (2^-l)!! (2^--!)!! _ 

Eventually, this shows that the weight of a graph G can be obtained from the 
weights of its subgraphs: 

y4(G, dexternallegsof g) = JJ^ 2 JJ^ (iexternal legs of G J 

(d„,dj,/)=cut edges {y,v') Gi=subgraphs 

(A.18) 

Notice that since the number of internal edges of a graph is dg^^ = 3(7 — 3 + n, we 
have 

dg,n{G) = #cutedges + ^dg^,nAG'd (A.19) 

i 

and therefore the powers of 2 match: 

2 '^9 ' " ^ ( G J (iexternal legs of G ) 

n n 2-'^«-"4(G^,4xternallegsof(^.20) 

(d„,d„/)=cut edges {v,v') Gi=subgraphs 



Now it remains to perform the sum over all graphs G, which is equivalent to a sum 
over all cut edges and for given cut edges, the sum over all subgraphs Gj. Since every 
graphs and subgraphs contain at least one trivalent vertex, and the number of trivalent 
vertices is 2gi — 2 + n^, we have 2gi — 2 + > for each subgraph Gj, and thus the sum 
contains only stable terms. It is clear that the set of possible (cutting edges+ stable 
subgraphs), is in bijection with the nodal degenerations of a surface of genus g with n 
marked points. 



From theorem 3.1 , the sum over all possible Gj's with given gi, rii and external legs 



with given degrees dk is 



Gi \ k I g^^m 



Eventually, substituting into (A.20), gives 

2 '^i>'"A{G, (igxternal legs of G ) 



nodal degenerations nodal points{i},(5r') dqjOig/ (5, (jr') \ k=l i g^^ni 

(A.22) 
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and we recognize that the right hand side is exactly what we have defined as 

~ n 

/ A n AP^Y' (A.23) 

o 

i.e. we have proved the theorem, at least in the case where B = B on each Cq.. 

The derivation above, relied on exchanging the order of residues when a ^ a' thanks 
to the fact that small circles around and Oo-' don't intersect. 

The exchange of order of residues can also work when a = a' provided that we can 
move one circle through the other, which is possible if the integrand has no pole when 
circles cross each other. In particular, let us write: 

B{z,z')-B{z,z')= Res Res B{z,z") In^^ B{z"',z') {AM) 



E[z''z" 



The procedure above can be repeated, the only difference is that now we also allow 
to cut edges with the same color on both vertices. The coefficients Ca^^d-^a^^d' are then 
given by 

E(z" z'") 

C^a.,d;a.,d' = Res Rcs d^A^ 1^ / ' ^ d^a^„d'{z"') (A.25) 



z"^aa z"'^aa Eiz" Z'"^ 



I.e. 

o 

Ca„,d;a^,,d' = 2 Ba^ d-a.4' ~ 2 Sfj^cr' Ba„4;a„4'- (A. 26) 



This completes the proof of theorem 4.1 □. 



B Case dx = meromorphic 

Let C be a compact Riemann surface of some genus g, and let Ai^ Bj be a symplectic 
basis of non-contractible cycles on C such that the Bergman kernel is normalized on 
^-cycles: 

^ B{zi,Z2)=0. (B.l) 



22 G A 



Let 
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In that case we have 



dSz„z,{z)= / B{z,z'). (B.2) 

^2'=22 

Since dx is meromorphic, we see that —d^ai,d/dx is a meromorphic function on C, with 
a pole of degree 2(i + 3 at a^, and simple poles at a^, j ^ i, and which behaves near as 
{2d + 1)!! Ca,(^)~''^~^ - 5,,,d;a„o Ca.(^)"' + 0(1), and therefore, after substracting 
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the simple poles at z — aj, we see that this quantity has all the properties of ^aj,d+i(^), 
and thus 

V / j=l 

Taking the Laplace transform on contour 7^ we have 

b 

fak,ai,d+l{'^) = - ufak,ai,d{'>A " X] ^"-i^ajfi fk,j{u) (B.5) 

i=i 

where 



= 8,,k{-lfu''-Y,Ba„d;a„d'^~''''^ (B-6) 



fiAn)-^^^^\^ / e— (^)e„,,o(^)rfx(^) (B.7) 

Then, defining 

Ba„ai (U, V) = Si,k - M J] y-'^ /a„a„<i(^i) = Yl ^-iM V'" (B.8) 

Ci I C/ 

d d^l 

we get 

^afc,ai(«, i^) = ("(^i.fc - ^ j ■ (B.9) 
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